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Abstract
In this note we present a new characterization of Bernstein operators by showing that they are the only
solution of a certain extremal relation.
© 2006 Elsevier Inc. All rights reserved.
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Let n be a positive integer and C[0, 1] be the space of the real continuous functions on [0, 1].
Denote by n the space of algebraic polynomials of degree not greater than n and, for 0kn,
letpn,k(x) =
(
n
k
)
xk(1−x)n−k . Recall that, for each n, the Bernstein operatorBn : C[0, 1] → n
is deﬁned by
Bn(f, x) =
n∑
k=0
f
( k
n
)
pn,k(x), f ∈ C[0, 1], x ∈ [0, 1].
For i = 0, 1, 2, we denote by ei the power function ei(x) = xi . We say that a linear operator,
L : C[0, 1] → C[0, 1], preserves linear functions if L(e0, x) = 1 and L(e1, x) = x all x ∈ [0, 1].
It is known that Bernstein operators preserve linear functions. We consider the class L(n) of all
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linear positive polynomial operators L : C[0, 1] → n which preserve linear functions and such
that, for f ∈ C[0, 1],
L(f, x) =
n∑
k=0
n,k(f )pn,k(x), n,k(f ) =
∫ 1
0
f d n,k,
for some positive measures n,k . The class L(n) is very large, (see e.g. [1–3]). In particular the
next result improves the similar one given in [1, p. 214].
Theorem 1. Let L ∈ L(n) with n > 1. Then, for all x ∈ [0, 1],
x2Bn(e2, x)L(e2, x).
Moreover, Bn(e2, x) = L(e2, x) for some x ∈ (0, 1), if and only if Bn = L.
Proof. Since {pn,k}nk=0 is a basis on n, the conditions L(e0, x) = 1 and L(e1, x) = x imply
that n,k(e0) = 1 and n,k(e1) = k/n, 0kn. Now applying Hölder inequality we obtain
∫ 1
0
t dn,k
(∫ 1
0
dn,k
)1/2 (∫ 1
0
t2dn,k
)1/2
and then
n,k(e2) =
∫ 1
0
t2 dn,k
(∫ 1
0
t dn,k
)2
= (n,k(e1))2 = k
2
n2
.
Since pn,k(x)0 for all 0kn and for all x ∈ [0, 1], we have
L(e2, x) =
n∑
k=0
n,k(e2)pn,k(x)
n∑
k=0
k2
n2
pn,k(x) = Bn(e2, x).
Moreover, since pn,k(x) > 0 for all x ∈ (0, 1), the last inequality becomes an equality for some
x ∈ (0, 1), if and only if n,k(e2) = k2/n2, for all 0kn. But in this case, for 0kn, the
Hölder inequality gives
k
n
=
∫ 1
0
t dn,k
(∫ 1
0
dn,k
)1/2 (∫ 1
0
t2 dn,k
)1/2
= k
n
.
From the equality conditions in the Hölder inequality we deduce that the function f (t) = t must
be a positive scalar multiple of the constant function g(t) = 1 with respect to n,k . Thus n,k
is a positive multiple of the Dirac measure at some point y ∈ [0, 1]. Say n,k = c y . Since
n,k(e0) = 1, we have c = 1, and from the equality n,k(e1) = k/n, we obtain y = k/n. Hence
L = Bn. 
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